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Abstract. Normalized conformal mappings of the disk onto the exterior of a convex polygon
are studied via a representation formula provided by Schwarz’s lemma. Some conditions on the
pre-vertices for corresponding Schwarz-Christoffel mappings are obtained. There is a connection
to finite Blaschke products that characterizes the pre-vertices, and leads to a curious property of
Blaschke products themselves.

1. Concave Conformal Mappings

A conformal, meromorphic function on the unit disk D is said to be a concave mapping if its
image is the complement of a compact, convex set. Examples we want to consider are Schwarz-
Christoffel mappings onto the exterior of convex polygons, including mappings onto the complement
of finite rectilinear slits. Following standard practice, we call a set of points c1, c2, . . . , cn on the unit
circle pre-vertices if they correspond to the vertices of a polygon, convex or not, under a conformal
mapping of D onto the interior or exterior of the polygon. Locating the pre-vertices is the problem
of accessory parameters for Schwarz-Christoffel mappings, and we obtain some information on
conditions the pre-vertices satisfy.

If f has the form

f(z) =
1

z
+ b0 + b1z + b2z

2 + · · · , (1)

then a necessary and sufficient condition for f to be a concave mapping is

1 + Re

{
z
f ′′(z)

f ′(z)

}
< 0 , |z| < 1 . (2)

The simple pole at the origin guarantees that zf ′′(z)/f ′(z) is analytic there, and

z
f ′′(z)

f ′(z)
= −2− 2b1z

2 − 6b2z
3 + · · · . (3)

Let us examine the condition (2) in more detail, always assuming (1). If (2) holds then there is
an analytic function ω of D into itself, with ω(0) = 0, for which

1 + z
f ′′(z)

f ′(z)
=

ω(z) + 1

ω(z)− 1
.

Moreover, ω′(0) = 0 and hence

φ(z) =
ω(z)

z2

is analytic in D with |φ(z)| ≤ 1 there. In terms of φ,

z
f ′′(z)

f ′(z)
=

2

z2φ(z)− 1
, or

f ′′(z)

f ′(z)
= 2

(
zφ(z)

z2φ(z)− 1
− 1

z

)
. (4)
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It is the representation (4) that will allow us to deduce some information on pre-vertices.
Before turning to this particular problem we have several general observations. From (4) we

obtain the upper and lower bounds

2

1 + |z|2
≤

∣∣∣∣z f ′′(z)

f ′(z)

∣∣∣∣ ≤ 2

1− |z|2
.

Equality holds, in either inequality, at a point z0 ̸= 0 only if |φ(z0)| = 1, in which case φ is a
unimodular constant. Then up to a rotation and translation f(z) = z + 1/z, so the image of D is
the complement of a slit of length 4.

Next, writing

|z|4|φ(z)|2
∣∣∣∣z f ′′(z)

f ′(z)

∣∣∣∣2 = ∣∣∣∣2 + z
f ′′(z)

f ′(z)

∣∣∣∣2
from (4), and using |φ(z)|2 ≤ 1, we see that (2) may be replaced by the stronger inequality

1 + Re

{
z
f ′′(z)

f ′(z)

}
≤ −1

4
(1− |z|4)

∣∣∣∣z f ′′(z)

f ′(z)

∣∣∣∣2 . (5)

As above, equality holds at a nonzero point only if φ is a unimodular constant, and so f maps to
the complement of a slit.

While the derivation of (5) used only |φ(z)| ≤ 1, an application of the invariant form of Schwarz’s
lemma to (4) results in an inequality involving the Schwarzian derivative. The result is more
complicated but the case of equality is more interesting. For the Schwarzian derivative of f ,

Sf =

(
f ′′

f ′

)′
− 1

2

(
f ′′

f ′

)2

,

we find

Sf(z) = −1

2

(
z
f ′′(z)

f ′(z)

)2

(3φ(z) + zφ′(z)). (6)

Near the origin

Sf(z) = −6b1 − 24b2z + · · · . (7)

Now in (6) isolate the φ′(z) term and manipulate the inequality

1

2
|z|3

∣∣∣∣f ′′(z)

f ′(z)

∣∣∣∣2 |φ′(z)|(1− |z|2) ≤ 1

2
|z|3

∣∣∣∣f ′′(z)

f ′(z)

∣∣∣∣2 (1− |φ(z)|2)

to lead directly to

(1− |z|2)

∣∣∣∣∣Sf(z) + 3

2

(
z
f ′′(z)

f ′(z)

)2

φ(z)

∣∣∣∣∣+ 1

2
|z|3

∣∣∣∣f ′′(z)

f ′(z)

∣∣∣∣2 |φ(z)|2 ≤ 1

2
|z|3

∣∣∣∣f ′′(z)

f ′(z)

∣∣∣∣2 . (8)

We get an equivalent form of (8) by multiplying through by |z| and eliminating φ(z) via

z3
f ′′(z)

f ′(z)
φ(z) = 2 + z

f ′′(z)

f ′(z)
= −2b1z

2 + · · · .

The result is

(1− |z|2)
∣∣∣∣zSf(z) + 3

2z

(
z
f ′′(z)

f ′(z)

)(
2 + z

f ′′(z)

f ′(z)

)∣∣∣∣+ 1

2|z|2

∣∣∣∣2 + z
f ′′(z)

f ′(z)

∣∣∣∣2 ≤ 1

2
|z|2

∣∣∣∣z f ′′(z)

f ′(z)

∣∣∣∣2 . (9)

From (3) and (7) we find that both sides vanish to order 2 at z = 0, and we deduce the coefficient
inequality

|b1|2 + 3|b2| ≤ 1 . (10)
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However, we cannot go from (10) back to (9), for instance via a Koebe transformation, because we
fix the pole to be at 0.

Each of the inequalities (2), (5), and (8) or (9) is equivalent to a mapping of the form (1) being
concave. The condition (9) may be compared with a necessary and sufficient condition of Kim and
Minda [?] for an analytic function to be a convex mapping of D:

(1− |z|2)2|Sf(z)|+ 2

∣∣∣∣z − 1

2
(1− |z|2)f

′′(z)

f ′(z)

∣∣∣∣2 ≤ 2 .

This was also derived in [?] as a consequence of the invariant form of Schwarz’s lemma.
Equality occurs in (9) at a point z0 ̸= 0 if and only if φ is a unimodular constant, in which case

f is a slit mapping, or if φ is a Möbius transformation of D onto itself. In the latter case, what
kind of mapping is f? The answer is that f is a Schwarz-Christoffel mapping onto the complement
of a triangle, as we will see in the next section.

2. Pre-vertices of Concave Schwarz-Christoffel Mappings

We begin with a general geometric result on the location of the pre-vertices for a concave Schwarz-
Christoffel mapping.

Theorem 1. Let n ≥ 3.
(a) Any n points c1, c2, . . . , cn on the unit circle are the pre-vertices for some conformal mapping
of D onto the exterior of a convex n-gon.
(b) The points c1, c2, . . . , cn are the pre-vertices for a conformal mapping of D onto the exterior of
a convex n-gon, with pole at the origin, if and only if the origin is in the interior of the convex hull
of c1, c2, . . . , cn.

Part (a) is a consequence of part (b) and a lemma of a topological nature. We gain a more
general statement on the pre-vertices – there is no restriction on where they lie on ∂D – but at the
cost of not knowing the location of the pole.

We give the proof of part (b) first. The necessity is a geometric interpretation of one aspect of
the usual development of the Schwarz-Christoffel formula, see for example [?]. For a mapping f of
D onto the exterior of an n-gon, with pole at the origin, one has

f ′(z) = C
(z − c1)

2β1 · · · (z − cn)
2βn

z2
, (11)

where C is a constant, the ck ∈ ∂D are the pre-vertices, and the numbers 2πβk are the exterior
angles at the vertices of the polygon, with βk ̸= 0 and −1 < 2βk < 1.

The parameters must satisfy

β1 + · · ·+ βn = 1 , β1c1 + · · ·+ βncn = 0 . (12)

The polygon is convex if and only if all βk > 0. Analytically, the second condition in (12) ensures
that f ′(z) has zero residue at the origin and hence that f(z) is single valued. Geometrically, it says
that 0 is in the convex hull of the ck, and in the interior of the convex hull because all the βk are
strictly positive. This proves the necessity.

Conversely, suppose that c1, c2, . . . , cn are situated on the unit circle so that

β1c1 + β2c2 + · · ·+ βncn = 0

for numbers βk > 0 with

β1 + β2 + · · ·+ βn = 1 .
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We define the function f ′ by (11), and from this

1 + z
f ′′(z)

f ′(z)
=

n∑
k=1

2βkz

z − ck
− 1 .

Then (2) holds because all βk > 0 and Re{z/(z − ck)} < 1/2. All concentric circles |z| = r < 1 are
mapped onto closed convex curves. Because the pole at the origin is simple and because f is locally
univalent, it follows that all such convex curves are Jordan curves. The mapping f is therefore
univalent in D, and its image is the complement of a convex polygon.

This completes the poof of part (b). To deduce part (a) we need the following result.

Lemma 1. Let c1, . . . , cn ∈ ∂D. For any t1, . . . , tn ∈ (0, 1/2) with t1 + · · · + tn = 1 there exists a
Möbius transformation σ of D onto itself such that t1σ(c1) + · · ·+ tnσ(cn) = 0.

With this result in hand, it is a short step to the proof of part (a) of Theorem 1. Let the points
c1, c2, . . . , cn, the weights t1, t2, . . . , tn and the Möbius transformation σ be as in the lemma. Then
by part (b) there is a conformal mapping f of D onto the exterior of a convex n-gon with pole at
the origin, with pre-vertices σ(c1), σ(c2), . . . , σ(cn), and with exterior angles 2πt1, 2πt2, . . . , 2πtn.
The mapping f ◦ σ, which may no longer have a pole at the origin, meets the requirements of part
(a). The proof of Theorem 1 is complete.

Proof of Lemma 1. Consider the function

Φ(z) =

n∑
k=1

tk
ck + z

1 + zck
.

Clearly Φ(D) ⊂ D, and we want to show that there exists z0 ∈ D for which Φ(z0) = 0.
Let Dk denote the closed disk

|z − (tk − 1)ck| ≤ tk .

This disk is contained in the closure of D and has the segment [−(1 − 2tk)ck,−ck] as a diameter.
We observe that Φ(0) /∈ Dk for each k, for

|Φ(0)− (tk − 1)ck| = |ck −
∑
j ̸=k

tjcj | ≥ |ck| − |
∑
j ̸=k

tjcj | > 1−
∑
j ̸=k

tj = tk .

Now consider the images Φ(Cr) of concentric circles |z| = r < 1. It is not difficult to show that the
curves Φ(Cr) converge uniformly to ∂D∪∂D1∪· · ·∪∂Dn as r → 1. In fact, as r → 1, Φ(reiθ) → eiθ

uniformly in eiθ on compact subsets of ∂D away from −c1, . . . ,−cn. For r close to 1 and fixed ϵ > 0,
small arcs {−reitck , |t| < ϵ} centered near −ck, are mapped by Φ onto arcs that are very close to
tracing the entire boundary ∂Dk. Since 0 /∈ Dk for each k, it follows by continuity that 0 must lie
in the range of Φ.

�
This lemma is a discrete version of the balanced metric construction in [?]. There it is shown,

also by a topological argument, that if λ ∈ L2(∂D) then there is a Möbius transformation σ of D
onto itself such that ∫ 2π

0
λ(σ(eiθ))|σ′(eiθ)|eiθ dθ = 0 .

We can obtain more information about the pre-vertices through a connection to Blaschke prod-
ucts.

Theorem 2. Points c1, c2, . . . , cn on the unit circle are the pre-vertices for a mapping f onto the
exterior of a convex n-gon, with pole at the origin, if and only if there is a finite Blaschke product
B of degree n− 2 for which the ck are the solutions of z2B(z) = 1.
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Note that this then provides a third equivalent condition in part (b) of Theorem 1.

Proof. We prove sufficiency first. Let a1, a2, . . . , an−2 ∈ D and let

B(z) = ζ

n−2∏
k=1

z + ak
1 + akz

, |ζ| = 1.

The function z2B(z) has degree n and the n solutions to z2B(z) = 1 can only lie on the unit circle.
Since arg{z2B(z)} is monotonic on ∂D the solutions are distinct, say c1, c2, . . . , cn. Now define the
mapping f of D, with a simple pole at 0, through the representation (4), i.e., by

f ′′(z)

f ′(z)
=

2

z(z2B(z)− 1)
= 2

(
zB(z)

z2B(z)− 1
− 1

z

)
. (13)

We want to show that f maps D onto the complement of a convex n-gon with c1, c2, . . . , cn as the
pre-vertices.

The first term on the right-hand side of (13) is a rational function with simple poles at the ck,
and we can write

zB(z)

z2B(z)− 1
=

n∑
k=1

βk
z − ck

, (14)

for some complex constants βk. Then

z
∏n−2

k=1(z + ak)

z2
∏n−2

k=1(z + ak)− ζ
∏n−2

k=1(1 + akz)
=

n∑
k=1

βk
z − ck

.

The left-hand side is the ratio of two monic polynomials, the numerator of degree n−1 and the de-
nominator of degree n. We need several identities. Comparing constant terms in the denominators
of the two sides we have

n∏
k=1

ck = (−1)n+1ζ, (15)

and comparing leading terms in the numerators we have
n∑

k=1

βk = 1. (16)

There is no constant term in the numerator on the left, hence, from the expression on the right,

n∑
k=1

βk
∏
j ̸=k

cj

 = 0.

But from (15), ∏
j ̸=k

cj =
1

ck
(−1)n+1ζ = ck(−1)n+1ζ,

for any k, hence
n∑

k=1

βkck = 0. (17)

We claim that all βk are real. To show this, let βk = uk + ivk and consider

z2B(z)

z2B(z)− 1
=

n∑
k=1

βkz

z − ck
=

n∑
k=1

ukz

z − ck
+ i

n∑
k=1

vkz

z − ck
,
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The equation (16) gives u1 + u2 + · · ·un = 1, and if z ∈ ∂D \ {c1, ..., cn}, then

1

2
= Re

{
z2B(z)

z2B(z)− 1

}
=

n∑
k=1

uk Re

{
z

z − ck

}
−

n∑
k=1

vk Im

{
z

z − ck

}

=
1

2

n∑
k=1

uk −
n∑

k=1

vk Im

{
z

z − ck

}

=
1

2
−

n∑
k=1

vk Im

{
z

z − ck

}
.

We conclude that
n∑

k=1

vk Im

{
z

z − ck

}
= 0

for all such z on the unit circle. But ∣∣∣∣Im{
z

z − ck

}∣∣∣∣ → ∞

when z → ck, hence each vk must vanish. This proves that all βk’s are real.
From equations (13) and (14) we obtain

f ′(z) = C
(z − c1)

2β1 · · · (z − cn)
2βn

z2
,

which, in light of (16) and (17) and knowing that the βk are real, corresponds to a mapping onto
the exterior of a polygon. Finally, from (13) the function f satisfies (2), so the mapping is injective
and concave, thus the polygon is convex and all βk > 0.

For necessity, suppose that f is a mapping D onto the exterior of a convex n-gon, with pole at
the origin. Then (4) holds for some holomorphic function φ : D → D. Moreover, f also has the
form as in (11) and so

z2φ(z)

z2φ(z)− 1
=

n∑
k=1

βkz

z − ck
= r(z) ,

with βk > 0. Then

z2φ(z) =
r(z)

r(z)− 1
,

hence φ is a rational function. But

Re{r(z)} → 1

2
when z approaches ∂D \ {c1, c2, . . . , cn}, while r(z) → ∞ when z approaches any of the ck. It
follows that |z2φ(z)| → 1 whenever |z| → 1. This shows that the rational function φ(z) is a finite
Blaschke product. From the partial fraction representation we see that it has degree n− 2, and the
pre-vertices are the roots of the equation z2φ(z) = 1.

�

From the proof of Theorem 2 we can extract the following corollary.

Corollary 1. If f is a concave conformal mapping of D with pole at the origin then, with reference
to the representation (4), the function φ is a finite Blaschke product of degree n− 2 if and only if
f is a mapping onto the exterior of a convex n-gon.

Specializing further we then also have
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Corollary 2. A concave conformal mapping with pole at the origin, and φ as in (4), maps D onto
the complement of a triangle if and only if φ is a Möbius transformation of D onto itself.

Finally, rounding out the discussion of the inequality (9),

Corollary 3. Equality holds in (9) at a single point if and only if f maps D onto the complement
of a finite slit or a triangle. In either case, equality in (9) holds everywhere.

Proof. Equality in (9) at a single point holds if and only if we have equality in the Schwarz lemma
at that point. Thus either φ is a constant of absolute value 1 or it is a Möbius transformation of
D onto itself. In the former case, f maps onto the complement of a slit, and in the latter, onto
the complement of a triangle. The reverse implication also follows from Corollary 2. The final
statement is a further consequence of the case of equality in Schwarz’s lemma.

�

One can easily show for c1, c2, c3 on the unit circle that 0 is in the interior of the convex hull of
the c’s if and only if

|c1 + c2 + c3| < 1 .

We can be a little more explicit. The mapping f onto the complement of a triangle has, as in (4),

φ(z) = ζ
z + a

1 + az

for some |ζ| = 1 and |a| < 1. The pre-vertices c1, c2, c3 are solutions of z2φ(z) = 1, which are the
roots of the cubic

ζz3 + aζz2 − az − 1 = 0 .

If we normalize the pre-vertices to satisfy c1c2c3 = 1 then ζ = 1 and

a = −(c1 + c2 + c3) .

In this case the pre-vertices determine the angles β1, β2, β3. For the angles βk are the weights in
the convex combination

β1c1 + β2c2 + β3c3 = 0, β1 + β2 + β3 = 1,

and, for a triangle, there is only one way to express a given interior point as a convex combination
of the vertices.

In [?] we proved an analog of Theorem 2 for mappings onto the interior of convex polygons,
though we did not explicitly note the connection with pre-vertices. We state the result as follows;
there is no normalization at the origin, where the function is analytic, and the polygon can be
bounded or unbounded.

Theorem 3. Points c1, c2, . . . , cn on the unit circle are the pre-vertices for a conformal mapping f
onto the interior of a convex n-gon if and only if there is a finite Blaschke product of degree n− 1
for which the ck are solutions of zB(z) = 1.

The proof is based on the fact, established in [?], that such mappings are characterized by the
representation

f ′′(z)

f ′(z)
=

2B(z)

1− zB(z)
, (18)

where B(z) is a finite Blaschke product. The Schwarz-Christoffel formula has the form

f ′′(z)

f ′(z)
= −2

n∑
k=1

βk
z − ck

(19)
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for βk > 0 with
n∑

k=1

βk = 1.

To our knowledge, credit for using Blaschke products to study concave conformal mappings
goes to Bhowmik, Ponnusamy and Wirths. See for example [?] and the references there for other
interesting work of the authors. Their starting point, goals, and results are quite different from
what we do here. The authors consider univalent, concave mappings with pole at a point p ∈ (0, 1),
normalized by f(0) = 0, f ′(0) = 1, and they are interested in coefficient inequalities and other
results analogous to those for univalent functions. One might try formally to deduce Theorem 2 as
a limiting case of the results in [?] with p → 0. However, the normalization cannot be maintained
and an extra argument is necessary, if one is possible. Moreover, the method in the proof of Theorem
2 (and Theorem 3) can also be applied to obtain the following partial results on the pre-vertices of
arbitrary Schwarz-Christoffel mappings.

Theorem 4. Let f be a Schwarz-Christoffel mapping of D with pre-vertices c1, c2, . . . , cn on the
unit circle.
(a) If f maps D onto the interior of an n-gon then there are finite Blaschke products B1, B2 of
degrees d1, d2, respectively, with d1 + d2 = n− 1 for which the ck are solutions of zB1(z) = B2(z).
(b) If f maps D onto the exterior of an n-gon, with pole at the origin, then there are finite Blaschke
products B1, B2 of degrees d1, d2, respectively, with d1 + d2 = n− 2 for which the ck are solutions
of z2B1(z) = B2(z).
In either case, the polygon is convex if and only if d2 = 0.

Proof. We prove part (b); the proof of part (a) runs along the same lines. To recall, the mapping
f has the form in (11),

f ′(z) = C
(z − c1)

2β1 · · · (z − cn)
2βn

z2
, z

f ′′(z)

f ′(z)
=

n∑
k=1

2βkz

z − ck
− 2 ,

with −1 < 2βk < 1. Let φ(z) be the meromorphic function

φ(z) =
2 + z f ′′(z)

f ′(z)

z3 f
′′(z)
f ′(z)

,

which is derived from setting

z
f ′′(z)

f ′(z)
=

2

z2φ(z)− 1
(20)

as suggested by (13). Then

z2φ(z)

z2φ(z)− 1
=

m∑
k=1

βkz

z − ck
= r(z)

is a rational function with poles at the ck. As before, on the unit circle, but away from the poles,
we have Re{r(z)} = 1/2. Then since

z2φ(z) =
r(z)

r(z)− 1
,

we have for all |z| = 1 that |z2φ(z)| = 1. Hence φ is of the form φ = B1/B2 for finite Blaschke
products B1 and B2. The equation z2φ(z) = 1 has n roots and hence the degrees, d1 and d2 of B1

and B2 must satisfy d1 + d2 = n− 2.
Finally, if d2 = 0 we know that f maps D onto the exterior of a convex polygon. Conversely, if

f maps D onto the exterior of a convex polygon then φ is holomorphic in D and hence d2 = 0.
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The proof of part (a) is similar, mimicking the representation (18).
�

Remark We cannot claim the converse statements in parts (a) and (b) in Theorem 4 because,
to take part (a), we have no way of showing that a mapping defined through (20) is injective, where
φ is a ratio of Blaschke products. We have also been unable to relate the degree of B2, in either
case, to the number of vertices in the polygon where the interior angle exceeds π. In particular,
we have been unable to determine whether the degree d2 and the number of obtuse angles in the
polygon coincide.

3. Blaschke Curves

The connection between Blaschke products and Schwarz-Christoffel mappings as expressed through
(13) or (18) allows us deduce a curious property of Blaschke products themselves.

Theorem 5. Let B be a finite Blaschke product of degree n ≥ 1 and let m ≥ 0 be an integer. Let
R(γ) be the ray reiγ, r > 0.

(a) The curve θ 7→ e(m+1)iθB′(eiθ) intersects R(γ) exactly when eimθB(eiθ) = eiγ, and this occurs
for exactly n+m points on ∂D.
(b) If x1(γ), x2(γ), . . . , xn+m(γ) are the points of intersection then

n+m∑
k=1

1

m+ xk(γ)
=

1, m ≥ 1,

1− |B(0)|2

|1− e−iγB(0)|2
, m = 0.

(21)

Proof. To ease notation we give the proof for γ = 0, i.e., when R is the positive real axis. The
argument for the general case is the same.

The function zm+1B′(z) is holomorphic in D and has m + n zeros there. The curve θ 7→
e(m+1)iθB′(eiθ) must therefore intersect the positive real axis at least m+ n times. Since

z
B′(z)

B(z)
> 0, |z| = 1,

the identity

e(m+1)iθB′(eiθ) = eimθB(eiθ)

(
eiθ

B′(eiθ)

B(eiθ)

)
shows that whenever e(m+1)iθB′(eiθ) > 0 the quantity eimθB(eiθ) is also positive and is thus equal
to 1. This occurs at exactly m+ n points on ∂D, say c1, c2, . . . , cm+n. This proves part (a).

For part (b), first take m ≥ 1. We use the representation formula (18) for convex Schwarz-
Christoffel mappings with Blaschke product zm−1B(z) to write

f ′′(z)

f ′(z)
=

2zm−1B(z)

1− zmB(z)
= −2

m+n∑
k=1

βk
z − ck

.

Calculating the residue at ck we see that

βk =
cm−1
k B(ck)

(zmB)′(ck)
=

1

m+ xk
,

where we have used cmk B(ck) = 1 and cm+1
k B′(ck) = xk. Then

1 =

m+n∑
k=1

βk =

m+n∑
k=1

1

m+ xk
.
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Now take the case m = 0. Consider the partial fractions decomposition

B(z)

z(B(z)− 1)
=

n∑
k=1

βk
z − ck

+
α

z
. (22)

For the residue at ck we have

βk =
B(ck)

ckB′(ck)
=

1

xk
,

while

α =
B(0)

B(0)− 1
.

Next, with

B(z) =

n∏
k=1

z + ak
1 + akz

=
p(z)

q(z)

it follows from the partial fractions expression (22) that

z(p(z)− q(z)) = (1−B(0))z
n∏

k=1

(z − ck).

Using this, we equate the coefficients of zn in the numerator of (22) to obtain

1

1−B(0)
=

n∑
k=1

βk + α =
n∑

k=1

βk +
B(0)

B(0)− 1
.

This gives
n∑

k=1

βk =

n∑
k=1

1

xk
=

1

1−B(0)
+

B(0)

1−B(0)
=

1− |B(0)|2

|1−B(0)|2
.

This completes the proof of part (b). �
Note that in the case m = 0 the sum can now become arbitrarily large if B(0) is real and close

to eiγ , and it can become arbitrarily small if B(0) is close to a point on ∂D away from eiγ . In the
latter case all the xk(γ) must tend to ∞.
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